A method for transforming fast solitons into slow ones in bandgap fibers is proposed. The approach is based on the deceleration of the solitons by intrapulse Raman scattering, which can be achieved for fiber modes having a cutoff frequency. We develop a comprehensive theory for the soliton slowdown and elucidate how the fiber losses introduce a fundamental minimum for the soliton velocity. © 2,3 Light can also be slowed down in specially designed waveguides, which in a certain spectral region support guiding modes with small group velocities. A classical optical system of this type is the fiber Bragg grating. 4, 5 More recently, slow light has been demonstrated in planar photonic crystal waveguides 6, 7 and predicted in photonic crystal fibers and waveguides with metal cladding. [8] [9] [10] Instead of working with dispersive pulses one can consider the use of solitons in slow-light settings. Solitons are expected to bring an obvious advantage of suppressed group-velocity dispersion, which allows one to work with narrower pulses and thereby increases the system bandwidth. Slow solitons have been considered, e.g., in multilevel atomic systems 11 and in fiber Bragg gratings. 4, 5 The concept of zerovelocity cutoff solitons in axially uniform photonic bandgap fibers, directly relevant to what we are considering below, has also been introduced. 10 The cutoff solitons are similar to the gap solitons existing in the fiber Bragg gratings, 4 in the sense that the frequencies below the cutoff are forbidden for linear propagation but are accessible for nonlinear pulses. A large impedance mismatch between the slow modes and fast external radiation is a common problem preventing achievement of acceptable coupling efficiency to slow-light regimes. In particular, no practical way of excitation of the cutoff solitons has been suggested so far.
Methods of reduction of the group velocity of light pulses have recently attracted significant theoretical and experimental efforts. 1 Slow light regimes can be achieved via use of the intrinsic material resonances as is done, e.g., in the electromagnetically induced transparency 1 or Raman and Brillouin scattering based schemes. 2, 3 Light can also be slowed down in specially designed waveguides, which in a certain spectral region support guiding modes with small group velocities. A classical optical system of this type is the fiber Bragg grating. 4, 5 More recently, slow light has been demonstrated in planar photonic crystal waveguides 6, 7 and predicted in photonic crystal fibers and waveguides with metal cladding. [8] [9] [10] Instead of working with dispersive pulses one can consider the use of solitons in slow-light settings. Solitons are expected to bring an obvious advantage of suppressed group-velocity dispersion, which allows one to work with narrower pulses and thereby increases the system bandwidth. Slow solitons have been considered, e.g., in multilevel atomic systems 11 and in fiber Bragg gratings. 4, 5 The concept of zerovelocity cutoff solitons in axially uniform photonic bandgap fibers, directly relevant to what we are considering below, has also been introduced. 10 The cutoff solitons are similar to the gap solitons existing in the fiber Bragg gratings, 4 in the sense that the frequencies below the cutoff are forbidden for linear propagation but are accessible for nonlinear pulses. A large impedance mismatch between the slow modes and fast external radiation is a common problem preventing achievement of acceptable coupling efficiency to slow-light regimes. In particular, no practical way of excitation of the cutoff solitons has been suggested so far.
In planar photonic crystal waveguides the excitation problem has been addressed by specially designed termination of the photonic crystal at the coupling interface. 6 Another approach that has been put forward in the context of fiber gratings is to pump the waveguide at the fast frequency and then use Raman effect to generate the slow or zero-velocity Stokes signal. 12 A similar scheme has been recently realized with four-wave mixing in fibers. 13 The methods of Refs. 12 and 13 are applicable for relatively long pulses. Pulses in the picosecond to femtosecond range in silica fibers start to experience intrapulse Raman scattering, which does not lead to generation of new spectral components but amplifies the red part of the pulse spectrum with simultaneous depletion of its blue part. In the soliton regime this process gradually shifts the spectral maximum of the pulse toward the redder frequencies without destroying it. 14 The central idea of this work is that the fast solitons can, by means of the Raman soliton selffrequency shift, be gradually transformed to the cutoff solitons having small group velocities. The cutoff frequency typically corresponds to the frequency minimum, 10 therefore a shift of the soliton frequency beyond the cutoff is not possible and the soliton freezes in the spectral proximity of the point of the zero group velocity. Below we provide theoretical foundations for this effect and confirm its feasibility numerically.
To describe the evolution of the field in the axially uniform photonic bandgap fiber in the spectral range including the cutoff frequency, we use the slowvarying amplitude approach and write the equation for the complex amplitude E of the field E͑ , ͒e −i 0 , where 0 is the cutoff frequency corresponding to the zero wavenumber:
Note that in our case it is not convenient to use propagation coordinate as the evolution variable because near the cutoff frequency the waveguide supports waves with both positive and negative group and phase velocities. Here ␣ n are the dispersion coefficients, is the nonlinearity parameter, ␥ a is the linear loss in the waveguide, and Q is the amplitude of the Raman oscillator. Without nonlinear and dissipative terms Eq. (1) has the solution exp͑−i␦ + ik ͒, and the corresponding dispersion law is ␦͑k͒ = ͚ n=1
The dispersion operator includes only even derivatives because forward and backward directions must be equivalent, i.e., ␦͑k͒ = ␦͑−k͒. Typical dependence of ␦ versus k is of the parabolic type with ‫ץ‬ k 2 ␦ Ͼ 0, which corresponds to the anomalous groupvelocity dispersion, giving bright solitons for selffocusing nonlinearity ͑ Ͼ 0͒. The group velocity ‫ץ‬ k ␦ is zero for k =0. [8] [9] [10] Q is governed by the equation for the classical oscillator driven by the intensity of the optical field:
␥ R and R are the decay rate and frequency of the Raman oscillator. is the dimensionless Raman coupling and the factor ͑1−͒ is introduced into Eq. (1) for normalization convenience. We define dimensionless time t as t = R and di-
We also normalize ͉E͉ The resulting dimensionless equations used below are
where
We assume that the time derivatives of Q can be treated perturbatively and solve Eq. (4) 
͑6͒
Equation (6) satisfies Eq. (3) with Q = ͉A͉ 2 , ⌫ = 0, provided that all the derivatives of F higher than the second are neglected. Here U is the soliton parameter defining its amplitude, width, and the nonlinear frequency shift. ␤ s is the soliton wavenumber. Defining
n+1 ␣ 2n k 2n , we have the group velocity
We will describe soliton dynamics using adiabatic equations for the soliton parameters, which are most easily derivable from the laws of evolution of the energy W and momentum M
Losses destroy conservation of W,
and the Raman effect violates conservation of M,
Using Eqs. (5), (6) , and (9) 
Thus the minimal group velocity, v min , that can be reached by the soliton in infinite time is v min = v s0 exp͓− / ͑8⌫͔͒, where v s0 is the initial soliton velocity. In the idealized limit of a lossless fiber, ⌫ =0, the minimal possible velocity is zero. Physically, ⌫ 0 broadens the soliton and therefore slows down and finally cancels the Raman-induced soliton selffrequency shift, thereby preventing the soliton from reaching the cutoff frequency. Opening the uncertainty in Eq. (11) gives lim ⌫→0 v s = v s0 exp͑−t͒, and by integrating the latter equation into t we find the time evolution of the soliton coordinate: x s = v s0 ͑1−e −t ͒ / . Thus, for ⌫ = 0, there is a distance
beyond which the soliton cannot penetrate. To verify our analytical results we performed a series of numerical simulations of Eqs. (3) and (4). Our modeling unambiguously demonstrates that indeed the fast solitons do adiabatically transform to the slow cutoff solitons. Figure 1(a) shows the evolution of the spatial spectra of the soliton in a lossless fiber. The spectrum preserves its shape, but the soliton wavenumber is shifting toward k = 0, corresponding to zero group velocity. The velocity of the soliton as a function of time is shown in Fig. 1(b) for three values of W. One can see that the time required to slow and stop the soliton increases as W decreases, in full agreement with Eq. (11) .
Losses in the proximity of the cutoff are expected to be much higher than the typical ϳ10 dB/ km losses in the middle of the bandgap of the currently existing photonic crystal fibers. ⌫ =10 −7 in our model approximately corresponds to 300 dB/ km, which is the number we are taking to illustrate the effect of losses on the soliton dynamics. Soliton velocity versus time for different values of ⌫ is plotted in Fig. 2(a) . One can see that the finite losses prevent the soliton from reaching the zero group velocity and that larger losses imply smaller time delays achievable in our schemes. Figure 2(b) shows how the soliton velocity varies with the propagation distance in the fiber. The zero loss line unambiguously confirms the existence of the maximal penetration depth given by Eq. (12) .
In summary, we have demonstrated analytically and numerically how fast solitons can be adiabatically slowed down by intrapulse Raman scattering in fibers with a frequency cutoff. We also found that an unavoidable presence of linear losses prevents the soliton slowdown to zero speeds and introduces a finite theoretically achievable minimum of soliton velocity.
D. Skryabin's e-mail address is d.v.skryabin @bath.ac.uk. 
